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Abstract 



In this paper we show how two dimensional electron systems can be modeled by 
• strings interacting with D-branes. The dualities of string theory allow several de- 

scriptions of the system. These include descriptions in terms of solitons in the near 
horizon DG-brane theory, non-commutative gauge theory on a L)2-brane, the Matrix 
Theory of DO-branes and finally as a giant graviton in M-theory. The soliton can 
5^ , be described as a Z)2-brane with an incompressible fluid of Z)0-branes and charged 

string-ends moving on it. Including an NS5 brane in the system allows for the exis- 
tence of an edge with the characteristic massless chiral edge states of the Quantum 
Hall system. 



1 Introduction 



The dualities of string theory have provided powerful tools for the study of strongly coupled 
quantum field theories. The most surprising of these dualities involves field theory on 
one side of the duality and gravitation on the other. For example, Matrix Theory 
relates Super Yang Mills theory on various tori to compactifications of 11 dimensional 
supergravity. Similarly the ADS/CFT duality P 0] relates large gauge theories to 
supergravity in an Anti deSitter background. The result is that many problems of quantum 
field theory such as confinement and finite temperature Pfl^l behavior are 

solved by finding classical solutions of the appropriate gravity equations. These solutions 



include black holes, gravitational waves and naked singularities [|TT| [|T^ ||T3| . 

In view of all these, one may hope that similar correspondences exist involving inter- 
esting condensed matter systems. The purpose of this paper is to demonstrate a corre- 
spondence between certain solitons in the near horizon geometry of a D6-brane and the 
Quantum Hall System fl^ |l^ - charged particles moving on a two dimensional surface in 



the presence of a strong magnetic field. Additional dualities allow a descriptions in terms 
of Z?0-brane matrix quantum mechanics |]l| and giant gravitons in M-theory. 

2 The Brane Setup 

We work in uncompactified HA string theory. Let us begin with a coincident stack of K 
DG-hranes whose worldvolume is oriented along the directions where a = 4, ...,9. 

The three remaining directions we call X*, i = 1,2, 3. The D6-brane is located at X* = 0. 
Now let us add a spherical D2-brane wrapped on the sphere S2; 

Em' = r^ (2.1) 

i=l 

For the moment let us ignore the stability of this configuration. We would like to show 
that consistency requires the presence of K fundamental strings connecting the DG-branes 
and the Z}2-brane. To see this, we recall that the DG-brane acts as a magnetic source 
for the Ramond-Ramond gauge field Ci which couples electrically to DO-branes. In other 
words the DG-brane acts as a magnetic monopole situated at X* = 0. Let H2 denote the 
2- form field strength of Ci. The flux through the sphere is then given by 

H2 = 27rir/i6, (2.2) 

S2 
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where /xe denotes the elementary D6-brane charge. Note also that Dirac's quantization 
condition requires that 

HeHo = 1, (2.3) 
where /^o is the DO-brane charge. Evidently, the field strength H2 is given by 

m - (2.4) 

where Hi = ei^''Hjk/2. 

Next recall that H2 is coupled to the D2-brane world-volume gauge field through 
the coupling 

^ / e'^^\27ra')A,H,x = f J'A, (2.5) 

with 

jji2l^&K (271 a' 
'2r 



J' = ^.2i2na')\m = ^'^' Z ' ■ (2.6) 



The expression above corresponds to a background charge density on the D2-brane with 
total charge 

Q = 27rir/i2/i6(2vr«')- (2-7) 

Since branes are BPS objects the ratio of their charges is equal to the ratio of their tensions. 
Thus /i2 = Aio(^2/^o)- Then using eq. (2.3), we obtain 

Q = 27iK{27ia')'^ = K. (2.8) 
To 

This background charge must be cancelled since the total charge on a compact space must 
vanish. Thus we must add K strings stretched between the D6 and the D2 branes. 



This result is closely related to the Hanany-Witten effect |T6[. Begin with the D2- 
brane far from the D6-branes and not surrounding them. Now move the membrane towards 
the six branes. As the D6-branes pass through the D2-brane, the Hanany-Witten effect 
adheres the strings. Later we will give a Matrix Theory argument for the same result. 



3 Balancing The System 

The system as described is not stable. The tension of the Z}2-brane and the K strings 
will cause the spherical i52-brane to collapse. To counteract this let us add DO-branes 
dissolved in the Z}2-brane. It is well known that i56-branes and DO-branes repel one 
another. The dissolved DO-branes give rise to a magnetic flux on the Z}2-brane world 
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Figure 1: Stable spherical D2-brane with units of magnetic flux surrounding K D6- 
branes. K fundamental strings stretch from the D2-brane to the D6-brane. There is a 
uniform density of negative charge on the sphere due to the field generated by the D6- 
brane. 

volume. The integrated flux is just the N units of DO-brane charge. As we will see the 
repulsion can stabilize the radius of the £)2-brane. The resulting object we will call a 
Quantum Hall Sohton. 

We will work in the approximation that the D2 — DO system is a test probe in the 
D6-brane geometry. In other words we ignore the backreaction of the D2 — DO system on 
the geometry. The backreaction will alter the precise details but we do not expect it to 
change the scahngs that we find. 

The string frame metric of the K D6-branes is given by 

dsl = h{r)-^dt^ - hiryUy^dy" - h{r)hr^ - h{r)^r^dnl (3.1) 
with h{r) given by 

h{r) = 1 + (3.2) 

where Qs and Is are the string coupling constant and length scale. The background dilaton 
field is given by 

9y = 9'shir)-l. (3.3) 

We will choose parameters so that the D2-brane is well within the near horizon region in 
which we can set 

h{r) = (3.4) 
It will be convenient to rescale the co-ordinates 



t r=f%) p (3.5) 
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so that the metric becomes 



ds^ = .[^{dr^ - dy^dr) - \ -{dp^ + P^d^l). (3.6) 

V /s VP 

The background dilaton becomes then 

Now consider the D2-brane wrapped on the 2-sphere with N units of DO-brane charge 
or equivalently, N units of magnetic flux. As in the previous section, we must add K6 — 2 
strings which we orient along the radial direction. The action for the £)2-brane in the 
background geometry is given as usual by the Dirac Born Infeld (DBI) action. Prom the 
DEI action of the brane plus the action of the strings we can obtain a potential for the 
radial mode p. 

We choose world volume co-ordinates such that 

e = r, e = 0, e = 0- (3.8) 

Dropping time derivatives, the induced metric on the brane Gab becomes 

Goo^./f, Gi^^-^s: G22^-y/?rsSm^9. (3.9) 
In addition, there are N units of flux on the brane: 

[ F = 2nN. (3.10) 
Thus the background field on the brane is given by 



N 

Fi2 = ysin^. (3.11) 

This corresponds to a constant field strength perpendicular to the 2-sphere. 
The DBI Lagrangian for the brane is then given by 



■'D2 



1-^ J d9d<Pe-''det[Gab + ^tiIIF^^]^ = ^ + (^.12) 



The contribution of the K strings is given by 

K 

L Strings — ~ 27rP^ (3.13) 
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Therefore, the potential for p becomes 



The potential has a minimum at 



P. = -^Is (3.15) 

for all and K. Thus the brane can stabilize at this co-ordinate distance. 

We require that our brane lives in the near horizon region. Therefore, we must have 

/i(p*) > 1 (3.16) 

or that 



9s>^ (3.17) 

at infinity. For fixed K/N and any value of Qs this will be satisfied for large enough N . 
The proper area of the stable membrane is given by 



A = 47rv^^SI = V27r''Nll. (3.18) 

The fact that the DO-branc density is universal in string units is noteworthy. It means 
that the DO-brane system is behaving like an incompressible fluid. This also implies that 
the magnetic field and the magnetic length is fixed. 

Let us next consider the gauge coupling of the theory on the £)2-brane. The theory is 
an abelian gauge theory with coupling constant given by 



SrM'.=S.^\. = j{^y=2i^ (3.19) 

independent of Qs at infinity. 

In the Quantum Hall interpretation of the system K plays the role of the number of 
charged particles and the total magnetic fiux. The ratio K/N = i> is the filling fraction 
which we will want to keep fixed as ^ cxd. We therefore find 

9ym ~ — (3-20) 



We also note that the curvature of the background geometry at is given by 

I'sT^ ~ ^ (3.21) 

and so it is weak for large N. Thus we can reliably use the DBI action to study the 
dynamics of the system. Finally, the £)0-brane magnetic field through the sphere is fixed 
in string units \H\ ~ n^K/Nll ~ Hqu/I'^. 
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4 Energy Scales 



In this section we will see that a single energy scale controls the dynamics of the Quantum 
Hall Soliton. In discussing these energy scales we will work in units appropriate to a local 
observer at the Z)2-brane. In other words, let us once again rescale time so that proper 
time at the D2-brane is T: 

dT^ = l^dr^ (4.1) 

or 

dT = ^^dr. (4.2) 

23 

The energy scales we derive refer to the Hamiltonian conjugate to T. 

Quasiparticle Coulomb Energy. Quantum hall fluids are said to be incompressible. 
By this it is meant that the system has an energy gap, namely the energy of a quasiparticle. 
Later we will discuss the formation of fractionally charged quasiparticles |T^. For the 



moment, we can just regard a quasiparticle as a localized object with charge ±i/ and a 
radius of order the magnetic length. It has a Coulomb energy of order 

Equas ~ {qymI'Y, (4.3) 

which from eq. (3.20) is 

Eouas ~ ^ • (4.4) 



This is the basic energy scale of quantum hall excitations against which other energies 
should be compared. 

Long String Excitations. If a string of length L is vibrationally excited, its energy 
is of order 1/L. The proper length of the 6 — 2 strings is of order 



and so using eq. (3.16) we find 
corresponding to an energy scale 



L^ipJ'UY (4.5) 
L ~ ViV/, (4.6) 



^ 7WT: ^'-^^ 



Note that this scales with in the same way as the quasiparticle energy but it is typically 
bigger by a factor 1/z/. 
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Cyclotron Frequency. The energy required to excite a higher Landau level is given 
by the cyclotron frequency 

B , . 

^Cyd = — , (4.8) 
m 

where B is the magnetic field and m is the mass of a charge. The charges are strings of 
mass L/l1 and in string units S ~ 1. Therefore, 

-c. ~ (4.9) 

Once again this scales hke the quasiparticle energy but it is bigger by the factor 

Field Theory Gap. Since the radius of the 2-sphere is ~ N^/'^lg the energy of the 
lowest field mode living on the £)2-brane is of order l/N^/Hg. Later we will see that the 
gauge field has a mass of the same order of magnitude. 

As we have seen the radius of the 2-sphere is stabilized by the competing terms in 
the DBI potential. The spherically symmetric fiuctuations about this equilibrium are 
described by a massive scalar field. By expanding the DBI action to quadratic order in 
the fiuctuations, we find the mass to again be ~ l/N^/Hg. Thus we see a single energy 
scale governing all of low energy physics on the membrane. 

Again it is noteworthy that a single energy scale appears in the low energy behavior. 
By an additional rescaling of time (which we will not do) the energy and time scales for 
the system can all be made to be of order unity. Unless v <^1, there is no large separation 
of energy scales. Our assumption will be that despite the lack of large scale separation the 
quantum hall effect is robust, at least for v not too large. 

4.1 DO-Brane Emission 

For finite N, K the Quantum Hall Soliton can not be absolutely stable. The £)2-brane 
carries no net charge. If the £)0-branes escape from the membrane they will be repelled to 
infinity, leaving the £)2-brane to collapse and disappear. We will argue that the emission 
of a £)0-brane is a tunneling process with a barrier that becomes infinite as K become 
large. 

The value of the potential (3.14) at the minimum is given by 

knI 

V{p.) = (4.10) 
This corresponds to a proper T-energy given by 

Vt{p.) = (4.11) 
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Suppose that the system emits a DO-brane so that the flux changes by one unit. Then to 
leading order in 1/N the change in the energy is given by 



Vt{N) - Vt{N -1) = -r^=-- (4.12) 

This is of the same order of magnitude as the mass of a DO-brane just outside the brane 
but smaller by a factor of \/2: 

Mdo = = . 5-, • (4.13) 

Therefore, we can estimate the binding energy of a DO-brane to be of order 

Ebind ~ (4.14) 

This binding energy represents the height of the tunneling barrier and it becomes inflnite 
with A^. It is not hard to see that the width of the barrier also becomes inflnite. Thus the 
process of DO-brane emission is very suppressed in the large N limit. 

There is another possible mode of instability that was pointed out to us by Maldacena 
26| . It is possible for the DG-hrsnae to nucleate a second spherical D2-brane at a small 



radius. In this conflguration the strings from the original outer 2-sphere terminate on the 
concentric inner 2-sphere. If the system lowers its energy when the inner sphere expands, 
it will be unstable, the inner and outer spheres annihilating one another. 

The potential for the inner sphere can be obtained from that of the outer sphere, eq. 
(3.14) by making two changes. First of all, since the Z)0-brane charge on the inner sphere 
vanishes N should be set to zero. Secondly since the strings are now on the outside of the 
2-sphere the sign of the last term in (3.14) should be changed. The result is a vanishing 
potential which indicates that the inner brane is in neutral equilibrium. Thus there is no 
tendency for the inner brane to expand, at least within the context of our approximations. 

Klebanov |^ has pointed out a way to stabilize the inner brane at vanishing radius. 



If we retain the full form of the harmonic function h in eq. (3.2) the perturbation due to 
the flrst term leads to a correction which makes the potential minimum when the inner 
brane vanishes. 

The stability of the Quantum Hall Soliton with respect to non-spherically symmetric 
perturbations has not yet been carried out. 
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Figure 2: Two D2-branes surround a D6-brane. The two D2-branes have opposite orien- 
tation. There are N units of flux on the outer D2-brane. K strings now stretch between 
the two D2-branes. 

5 The Membrane Theory 

In this section we work in some detail the theory describing the fluctuations of the mem- 
brane. The proper size of the sphere grows like N^^'^ in string units. Thus we can focus 
on a patch much larger than the magnetic length and approximate it as flat. We choose 
co-ordinates such that the metric is the standard flat metric. The cartesian coordinates 
in the D2-brane will be called x\ i = 1,2. 

Without the DO-branes and at low energies, the theory describing the fluctuations of 
the D2-brane is expected to be a f/ (1) abelian gauge theory. Now let us dissolve the DO- 
branes. Dissolving the DO-branes essentially turns the membrane into a non-commutative 
membrane. In general, the low energy dynamics of the theory is expected to be governed 
by a U{1) non-commutative Yang Mills theory. However, this is not the end of the story. 
As we have seen in eq. (2.4) the presence of the DG-branes induces a DO-brane magnetic 
field ( not to be confused with the world volume magnetic field B on the Z)2-brane ). Thus 
a single Z^O-brane in this field will experience a Lorentz force governed by a term in its 
Lagrangian 

L = ^e,^X^D,X\ (5.1) 

where i, j = 1, 2 and 

DtX = X-i[A^,X]. (5.2) 

For studying the many DO-brane system we use Matrix Theory The Matrix Theory 
action corresponding to eq. (5.1) is 

L = ^e,,TrXWtX\ (5.3) 
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where i,j = 1,2. This Lagrangian is invariant under the infinitesimal gauge transforma- 
tions 

X X + i[X{t),X]. (5.4) 

Indices are raised and lowered by the 'closed string' metric g^u which we choose to be the 
standard one. 

The effect of this term is two-fold. It first of all induces a background charge density 
as in eq. (2.8). In addition it produces a Chern Simons coupling [|15|. To find the 
new couplings we construct a large membrane from DO branes moving in a constant 
background if-field, = 2tt^q/V, where V is the volume of the membrane. 

Following |T^, we choose matrices and such that 

[x\x^=tee'^ (5.5) 

and set 

X' = x' + ee'^Aj{x'). (5.6) 

The a:"s are constant matrices to be identified with the non-commuting co-ordinates of 
the membrane. Such matrices exist strictly for infinite and are classical solutions to the 
equations of motion. The Aj^s are fiuctuations around the classical solutions X^i^^ = x^ 
and these will map to the gauge field living on the brane. Any matrix can be expressed in 

1 • 2 

terms of finite sums of products e*^^' e^"^^ ; so the N x N matrices Ai can be thought of as 
functions of the x*'s. 

We now insert eq. (5.6) in (5.3) to find an effective Lagrangian for the fluctuations Ai. 
Dropping total time derivatives we end up with 

Leff = ^ {teijTr[x\ x']Ao - Oh'^TrAAAj + 2z^Q,Tr [x\ e^''Ak]Ao + 2teh''Tr[A, A^]Ao) . 

(5.7) 

Using eq. (5.5) and 

[x\f]=tee'^djf, (5.8) 

we can simplify this as follows 

L^jj = — (-2eTrAo - Oh'^TrAidtAj + O'^e'^TrdiAjAo - Oh'^TrdiAoAj + 2ie'^e'^Tr[Ai, Aj]Ao) . 

(5.9) 

Finally, introducing the totally antisymmetric tensor e'^'^'', we can write this as 

2itK ttK / 2 \ 

Leff = --^OTrAo + —eh^-'P (TrA.d^A^ + -iTrA^A^A^j . (5.10) 
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Now we pass to the continuum limit taking large. We identify as usual 

err ^ J (5.11) 

This requires that 

We see that 6 is nothing more than the inverse magnetic field B through the brane. The 
magnetic length sets the scale of non-commutativity [|l8l |]l9l . 



The N X N matrices Ai will map to smooth functions Ai{x^) of the non-commutative 
co-ordinates x*. Since the fields are functions of non-commuting co-ordinates, we need 
to define a suitable ordering for their products in the Lagrangian. A suitable ordering is 
Weyl ordering which means that ordinary products are replaced by the non-commutative 
* product. In all, we end up with the following action 

S,ff = I d^xAoJ^ + (^M * duAp + * A, * a)j . (5.13) 

Here, = —K/V and so there is a net background charge —K on the brane. To cancel 
this background charge we add K string ends on the brane. The action is a U{1) NC CS 
action at level K/AnN and non-commutativity parameter 6 = V/27cN plus the chemical 
potential term AqJ'^. 

In addition to the terms induced by H there is a U{1) NC Maxwell term. This term 
has been constructed in [0. It is given by 

^ / d''x{detG^,)-^G^''G'"' {F + $)^, * (F + $)^, (5.14) 



2g 



where F^,^ = d^A^ — d^A^ + [A^, A^]^ and = —6* J. The indices are contracted with 



the effective metric G^^ 



Goo = 1, Gn = G22 = -(2W)20-2, (5.15) 
and the coupling constant is given by 



2 _ gMC^^a'O-^] 



9ym ) • (5-16) 

The dimensionless string coupling constant gs{p*) is of course a function of the distance 
from the 6-branes. As we found in eq. (3.19) gs{p*) ~ 1/v\/N. 



11 



As noted by Seiberg [|T^ the action in eq. (5.14) is of the usual non-commutative type 
except for the shift of the field strength by amount $. This shift is of course due to the 
presence of a background magnetic field. The Lagrangian differs by the standard minimal 
Lagrangian, F^, by a constant term and a total derivative. Although this makes no change 
in the equation of motion, it does have the effect from shifting the value of F from zero 
to — $ = 6^^ in the ground state. 

As we found in eq. (3.18) the volume of the membrane (measured in closed string 
units) scales like 

V ~ Na'. (5.17) 

Then 

e ~ a', (5.18) 

and the separation of the constituent DO-branes is fixed in string units. The effective 
metric is then 

Goo = l, Gy~(-1,-1) (5.19) 
and the Maxwell coupling constant is given by 



Although the Chern-Simons term is interesting, it has nothing to do with the usual 
Chern-Simons description of the Quantum Hall fluid of electrons. This electron fluid may 
also be described by a CS theory [|T^ . This suggests that the coupled system of sting ends 
and DO-branes may be described by two coupled CS theories, one describing the electron 
fluid and the other the fluid of DO-branes. 

The CS term in eq. (5.13) does not influence the physics at scales much smaller than 
the size of the entire 2-sphere. This is because the gauge coupling is very weak. For 
example the gauge boson mass induced by the Chern Simons term is 



In other words the Compton wavelength of the photon is of order the sphere radius. At 
somewhat shorter distances the forces are dominated by the ordinary 2 + 1 dimensional 
Coulomb repulsion. At distances smaller than the string scale the forces are softened by 
the effects of non-commutativity and other stringy effects. The fact that the Compton 
wavelength of the photon is so large means that there is no meaningful effect on the 
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statistics of the charges, at least when they are separated by distances smaller than the 
size of the sphere. For larger distances the Chern-Simons term may introduce phases but 
this should not affect the local physics on smaller scales. 

Thus far we have discussed the gauge field on the D2-brane. There are additional world 
volume fields such as scalars and spinors which all have similar mass and are described 
by the appropriate non-commutative fields. However the list of degrees of freedom would 
not be complete without the all important electrons. Prom the point of view of the D2- 
brane Matrix Theory, these are not described by matrices but rather column vectors (or 
the conjugate row vectors). Such fields form fundamental representations of the non- 
commutative gauge invariance and we describe them by either fermionic or bosonic fields 
1^) and (^'''|. The appropriate gauge invariant action for these fields is very simple: 

= {^^\{idt + A^)\m) + (^Vl^)- (5-22) 
The full action is obtained by adding eq. (5.10) to 

Seff = -J^TrA^ + {^'^\{idt + Ao)\^) + (*Vl*) + ■- (5-23) 

Varying this action with respect to Aq and taking the trace we find that the total number 
of electrons is K 

= K. (5.24) 



6 D6-Brane Dynamics 

The near horizon physics of the £)6-brane system is described by a 6+1-dimensional theory 
which at long distances is a supersymmetric gauge theory. Indeed the configuration we are 
studying may be thought of as a sohton of the D6-brane theory. The only charge carried 
by the soliton is the DO-brane charge A^. The spherical £)2-brane carries no net charge. 
To interpret the charge TV in the SU (K) gauge theory, we recall that there is a couphng 
between the £)6-brane worldvolume gauge field F and the bulk field Ci 

^CiAFAFAF. (6.1) 

Since C is sourced by the DO-brane charge, it follows that our configuration satisfies 

[FAFAFr^N. (6.2) 
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Such a classical gauge configuration is unstable with respect to collapse; that is, it wants 
to collapse to zero size. Evidently, this behavior is resolved in the quantum theory by the 
D2-brane system. Although the soliton is not absolutely stable, in the hmit N, K ^ oo, 
the tunneling barrier for the emission of a DO-brane from the D2-brane becomes infinite. 

Let us consider the strength of the SU{K) couphngs on the D6-brane system. The 
gauge coupling is given by 

9l-9s{p). (6.3) 

In this formula, gl refers to the dimensionless coupling at the proper length scale Ig- Next 
we use 



9M = i{iv- m 



The 't Hooft couphng is given by 



Kgs{p)r^[^Y. (6.5) 



This equation makes it appear that the coupling vanishes as we approach p = 0. However, 
the gauge coupling has dimensions of length to the cubic power. To determine the effective 
dimensionless coupling at a co-ordinate length scale Ay, we should divide by three powers 
of the corresponding proper length. From the metric, eq. (3.6), we see that the proper 
length is given by 

(f)'AS. (6.6) 

We need, therefore, to divide by [p/lsY^^^y'^ . so that the strength of the dimensionless 
coupling at a co-ordinate scale Ay is given by 

Thus at Ay of order one in string units, the D6-brane theory becomes strongly coupled. 

Now consider the K string ends on the £)6-brane. These objects are analogous to 
non-relativistic quarks in QCD. Their gauge interactions become strong at separations 
Ay ~ Ig. Let us assume that they bind into an SU{K) singlet, "baryon," of this size. We 
would like to compare the energy scales of the baryon-excitations with the energy scales 
discussed in section (4). In this discussion, energy means conjugate to r. 

The excitation energy of the baryon is of order one in string units since the natural scale 
is Ay ~ Z5. As we saw in section (4), the proper energy (T-energy) of string oscillations. 
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higher Landau levels and quasiparticles is of order N~^/'^ in string units. To convert this 
to T-energy, we need to multiply by a factor goo^^'^ at the D2-brane. For example, the 
quasiparticle r-energy is given by 

1 

Eq^,, ^ N-l (6.8) 

V i\ 

The implication is that the energy scale of the baryon-excitations is much larger than the 
excitation scales of the D2-brane. In the sense of the Born-Oppenheimer method, the 
baryon degrees of freedom are fast degrees of freedom. 



7 Properties of the Electron System 

The string-ends that move on the Z?2-brane are charged particles with respect to the 
membrane world- volume gauge theory. We will refer to them as electrons. In this section 
we discuss their properties. 

7.1 The Statistics of the Charges 

As we will see, the question of the statistics of the electron string-ends on the £)2-brane is 
far from straightforward. 

Consider a ground string state connecting the D6 and D2 branes. General string theory 
arguments given in the appendix tell us that these strings satisfy fermionic statistics. 
However, the fact that the full 6 — 2 strings are fermions, does not imply that the electrons 
on the £)2-brane are fermions. A simphfied model illustrates the subtleties. We will 
assume that the 6 — 2 strings remain in their ground state apart from the motion of their 
end-points on the branes. In our approximation, the motion of each of the two string ends 
is independent of the motion of the other. Then a string is characterized by a location on 
the £)2-brane x and a location on the D6-branes y. In addition, it has an SU{K) index 
i labeling which £)6-brane it ends on. As we saw, the strings are fermions. The X-body 
wavefunction has to be antisymmetric with respect to simultaneous interchange of any 
pair of labels (x, y, i). 

Concerning the SU{K) indices we assume that they combine to form a singlet. In 
the previous section, we discussed the gauge interactions on the D6-brane. Although, the 
string coupling vanishes at the £)6-brane, the 't Hooft couphng is large at length scales 
Ay ~ Ig. Therefore, we expect that any non-singlet configuration would radiate gauge 
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bosons until it discharged. Since the singlet wavef unction is antisymmetric with respect 
to the SU (K) indices, the remaining wavefunction must be symmetric. 

The most naive assumption about the behavior of the ends on the D6-brane is that 
they are all localized at y = 0. This would mean that the wavefunction is symmetric with 
respect to interchange of the y coordinates. In this case the electrons are bosons since the 
dependence on the x coordinates is also symmetric. 

The reason that this may be naive is that the gauge forces on the D6-brane between 
string ends may not be weak if they are localized with small separation. In other words the 
dynamics of the "knot" where all the strings come together may be non-trivial. Perhaps 
it is possible that an antisymmetric sector for the baryon wavefunction exists. 

We will consider two possible sectors of the theory. In the first sector the wavefunction 
of the y co-ordinates is symmetric and the electrons are bosons while in the second sector 
it is antisymmetric and the electrons are fermions. We do not know which sector has the 
lower energy but as far as the fast dynamics of the D6-brane interactions is concerned, the 
two sectors are uncoupled superselection sectors. Thus the K-hody wavefunction of the 
strings can have either one of the following forms 

= M^i, ■■■,^k)eni^..ik'4^s''''--'''{yi, ■■■,yk), (7.1) 

and 

*2 = M^i, ...,Xk)e,,^,„^^ijJ'"'-"''iyi, ■■■,yk), (7.2) 

where and (pa^i^a a-re symmetric and antisymmetric functions of their arguments 

respectively. 

Our primary interest in this paper is in the physics described by the wavefunctions 0(a;). 
These wavefunctions describe the physics of K charged fermions, if (p is antisymmetric, 
or K charged bosons if is symmetric. The particles move on a 2-sphere with units 
of magnetic flux. Thus the low lying spectrum of states should be that of the bosonic or 
fermionic Quantum Hall system with filling fraction 

Without further evidence we will assume that the conventional Quantum Hall phenomenol- 
ogy applies to our system. For example, we assume incompressible Quantum Hall states 
exist for all odd denominator i/'s in the fermion case and even denominator i/'s in the 
bosonic case. 
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7.2 Quasiparticles 

An important feature of the Quantum Hall effect is the existence of an energy gap and 
fractionally charged quasiparticles. Let us briefly review the construction of these objects 

mm- 

First begin with the theory on the plane. The lowest Landau level (LLL) wavefunctions 
are degenerate and there is one orthogonal LLL for each unit of magnetic flux. It is helpful 
to make an identification of the LLL's with the flux quanta. In the stringy construction 
in this paper, the flux quanta are the DO-branes. Each DO-brane can be thought of as a 
LLL and a string ending on that DO-brane is an electron in that LLL. Since the LLL's 
are degenerate, there is a U{N) symmetry of the space of LLL's. This U (N) symmetry is 
just the U{N) gauge invariance of the Matrix Theory description of DO-branes. It is also 
a regularized version of the area preserving diffeomorphism group. 

The conventional construction of a quasiparticle begins with the idea of an infinitely 
thin solenoid passing through the substrate [^. The magnetic field through the substrate 
is adiabadically increased until the flux equals one Dirac unit. The new gauge field is 
a gauge transformation of the old, but the process induces a change in the state of the 
system. To understand the change, it is convenient to work in a basis of angular momentum 
LLL's, |/ >. The individual angular momentum wavefunctions are concentrated on circular 
rings of radius ~ /^^^ with the solenoid at the center. Turning on the solenoid-fiux, takes 
each electron in the l-th state to the / + 1 state but in the process the / = state is left 
unoccupied. The result is a hole in the electron density. Since each LLL had originally 
an average charge u = K/N, the hole has charge u. The radius of the hole is just the 
magnetic length and it is independent of the charge. 

Another way to construct the quasiparticle is to begin with a distant magnetic monopole 
one one side of the substrate. Adiabadically passing the magnetic monopole through the 
substrate to the other side has the same effect as turning up the current in the solenoid. 
The monopole picture is especially relevant for the spherical substrate. Transporting the 
monopole from outside to inside the sphere creates an additional unit of magnetic flux 
but does not increase the number of electrons. The result is a hole at the place where the 
monopole passed through the sphere. 

An intuitive way to think about these effects is to picture the magnetic flux as an 
incompressible fluid with the electrons moving with the fluid. When a new unit of flux is 
added it pushes the fluid away, creating a hole in the electron density. As we have seen 
the DO-brane fluid does in fact behave incompressibly. 
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Figure 3: The figure shows two DO-branes on a fundamental string. The string ends on a 
D2-brane. 

In the string/brane setup of this paper, there are neither solenoids nor monopoles. In 
fact, the 2-sphere does not divide space into an inside and outside. A possibility that comes 
to mind is to pass a D6-brane through the 2-sphere but this has the effect of changing the 
electron number by one unit, not the flux. 

The key to the formation of the quasiparticle is the DO-brane. We have previously seen 
that the dissolved DO-branes form an incompressible fluid. We introduce an additional 
Z^O-brane far away from the substrate 2-sphere. Now adiabadically allow it to approach 
the 2-sphere at some point xo- At some distance of order Ig, it will get absorbed by the 
D2-brane adding a unit of flux at Xq to the original N units. The flux behaving like an 
incompressible fluid will increase the area of the sphere by one unit, leaving a hole of 
charge u in the charged particle distribution at the point xq. 

The quasi particle defined in this way is not necessarily stable. As an example consider 
the fermionic case v = p/ {2p + 1) with integer p. Now take two quasiparticles of charge u 
and combine them with one extra electron. If they bind, the result is a new quasiparticle 
of charge — l/(2p + 1). (It is also possible to create an excitation with charge +l/{2p+ 1)). 
In this case the original quasiparticle can decay into p constituents. The quasiparticle 
with charge —l/{2p + 1) can be constructed by starting with an extra 6 — 2 string with 
two Z)0-branes attached to it. By sliding the DO-branes toward the membrane until they 
dissolve, the new quasiparticle is created. In the limit p oo the neutral quasiparticle of 
the 1/ = 1/2 state results p2| . 
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7.3 Composite Fermions 

The qualitative features of the QHE have been nicely captured by a phenomenological 
model, the so called composite fermion model (CFM) While the theoretical under- 

pinnings of the CFM are not completely secure, it does appear to successfully correlate 
many properties of the various fractional QHE ground states. 

We make no claim in this paper to deriving the CFM. However we do think the language 
of string theory is suggestive and might offer new insights. We regard it as a challenge 
to use the tools of string theory and non-commutative field theory to give a derivation. 
What we will do is to explain how to state the rules of CFM in terms of string theoretic 
concepts. We will assume that the electrons are fermions although the arguments are 
easily generalized to the bosonic case. 

Up to now we have thought of the magnetic field as representing the density of DO- 
branes. Now we want to change perspective a bit. Recall that in string theory there is a 
gauge invariance associated with the NS — NS 2-form potential 5^,^. The magnetic field 
F on the D2-brane is not gauge invariant but should be replaced hj B + F. The electrons 
feel the field 5 as a background magnetic field. According to the new perspective we will 
consider i? to be a background magnetic field and F to be the density of DO-branes. In 
other words some fraction of the DO-brane density can be replaced by the background B 
field. This leaves over a number of Z^O-branes N' = N — J B. For example let us take 
A^' = K. In this case we have divided the field into background and DO-branes in such 
a way that there is exactly one DO-brane for each string end. In this picture each string 
ends on a unique DO-brane. The basic assumption of the CFM is that we may think of 
each string end as bound to a DO-brane forming a composite. 

The idea that the DO-branes move with the string ends may have more to do with 
the gauge invariance of Matrix Theory than with any dynamical attraction between the 
string-ends and the DO-branes. Let us think of the string-ends as distinguishable particles 
but with the wave function being appropriately symmetrized at the end. We can label the 
strings from 1 to K. If we choose N' = K there is exactly one DO-brane for each string. 
Recall that the labeling of the DO-branes in Matrix Theory is a choice of gauge in the 
Super Yang Mills quantum mechanics. There is a particular choice of gauge in which the 
nth string is defined to end on the nth DO-brane. In this gauge each string is attached to 
a specific DO-brane. 

A second assumption is that when bound to an string-end a DO-brane acts as a fermion 
so that the composite has opposite statistics from the original string end. This assumption 
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can be motivated from the fact that the a DO-brane behaves hke a unit of flux. 

Putting these assumptions together we conclude that the K electron system in N units 
of flux can be replaced by a system of of K opposite-statistics electrons m. N — K units of 
flux. Thus for example, the u — 1 fermionic system is equivalent to a system of bosons in 
no field. Similarly the v — 1 boson system is a free fermion system. Repeated use of these 
rules generates the full CFM. 

8 Modeling Edges 

Some of the most interesting phenomena in the Quantum Hall system are associated with 
the edges of the sample. To model the edges we can modify the system by introducing a 
single NS 5-brane into the system, thus providing a boundary for the membrane. 

The 5-brane is oriented in the X^, X^, F^, F^, directions and is located at the origin 
of the other coordinates. It intersects the 2-sphere on the equator 

= 

{X^Y + {X''Y = r\ (8.1) 

The NS 5-brane intersects the £)6-brane forming a stable BPS configuration. The in- 
tersection of the D2-brane and the NS 5-brane is also stable for large radius. In this case 
the sphere is almost flat and the membrane intersects the 5-brane orthogonally. Further- 
more the 5-brane acts as a boundary for the D2-brane and allows us to consider only the 
hemisphere X^ > 0. 

There is a subtlety concerning the DO-branes in this case. A zero brane can be bound 
in the 5-brane as well as in a D2-brane. In fact one can expect a £)0-brane to escape from 
the £)2-brane into the 5-brane. Since the 5-brane is infinite the iPO-brane will escape to 
infinity along the 5- brane. The way to prevent this is to fill the 5-brane with a constant 
£)0-brane charge density. By choosing this density large enough we can insure a net charge 
on the D2-brane. Another way to think of this is to imagine boosting the intersecting 2 
and 5 branes along the 11th direction of M-theory. The momentum will be shared between 
the branes in a way which is controlled by requiring their velocities to match. As in the 
case without the A^5'5-brane, the £)6-brane continues to repel the £)0-brane and leads to 
an equilibrium as before. The single 5-brane is a small perturbation on the metric of the 
K D6-branes. 

To understand the effect of the 5-brane on the electrons, recall that a string can not end 
on an A^5'5-brane. Accordingly, the 5-brane is a repulsive "brick wall" to the electrons. 
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To estimate the effect of this brick wall we consider the quantum mechanics of a non- 
relativistic charge in a magnetic field in the presence of a brick wall, in other words on a 
half-plane. In an appropriate gauge the Hamiltonian is 

1 



H = — 
2m 



{p^-eByY+p'^ . (8.2) 



By diagonalizing p^ and shifting the origin of y we obtain an harmonic oscillator for each 
value of Px- The ground state of this oscillator is the LLL for that value of Px- 

The effect of the 5-brane is to force the wave function to vanish at y = 0. 

Let us begin with the state with p^ — 0. The Hamiltonian is a conventional oscillator 
in this case. The relevant sector of the oscillator is the states with odd wave functions 
which vanish at y = 0. Thus the ground state is described by a wave function of the form 

1 



^eSyexp(-^eV)- (8-3) 

Now let us consider the effect of Px ^ 0. We will do this in perturbation theory. From 
eq. (8.2) we find the lowest order perturbation to be 

SH=-'-^y. (8.4) 

m 

We find the leading dependence of the energy on Px to be 

5E^\f^^. (8.5) 
m 

For the theory on the spherical D2-brane eB ~ 1 and m ~ N^^'^ in string units. Thus 
the energy of a string-end near the A'"5'5-brane is given by 

E = N-^'^px. (8.6) 

These modes behave like right-moving massless excitations moving with fixed velocity 
~ 7V~^/^ on the boundary of the hemisphere. These are the expected edge states. Note 
that the energy gap associated with these states is obtained when px takes its minimum 
value ~ A^-V2_ Thus the gap is of order 1/N m. string units. This is parametrically smaller 
than the typical energy scale N"^/'^ as it should be. 

The physics of the fiuid of string-ends near the 5-brane is comphcated but it should be 
described by a 1 -|- 1 dimensional conformal field theory. We do not know how to derive this 
field theory from the underlying string theory but the phenomenolgy of the quantum hall 
effect suggests that it is described as a Luttinger liquid with excitations carrying the same 
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Figure 4: Here we see a hemi-spherical D2-brane ending on an NS 5-brane. K D6-branes 
and embedded in the NS 5-brane. K strings stretch to the D2-brane. 

statistics as the bulk quasiparticles. For filhng (fermionic) fractions v — l/[2p+ 1) these 
quasiparticles have statistics equal to u. This last point may be somewhat complicated 
due to the Maxwell-Chern-Simons term in the action (5.23) which introduces phases when 
a quasiparticle moves relative to a second quasiparticle at distances of order the radius of 
the sphere. 

9 Giant Gravitons 

One may wonder whether the Quantum Hall Soliton has an eleven dimensional meaning. 
Up till now we have treated the coupling constant as if it tended to a finite value at 
infinity. However the actual value of the asymptotic coupling cancels from all of our 
results concerning the behavior of the £)2-brane. This allows us to take a limit in which 
the asymptotic coupling Qg tends to infinity. This is the limit in which the 11th dimension 
decompactifies. 

Thus the Quantum Hall solitons are naturally thought of as objects in eleven dimen- 
sions. First consider the £)6-brane. The 11-dimensional origin of the D6-brane is itself not 
a brane but a Kaluza Klein monopole consisting of a product of 7-dimensional Minkowski 
space and a 4-dimensional Taub-Nut space with mass parameter K. 

Now add a graviton to this space and boost it so that its momentum along the 11th 
direction is N in quantized units. In the HA description this is a configuration with a 
£)6-brane and N units of DO-brane charge. It has exactly the quantum numbers of the 
Quantum Hall soliton. 

Ordinarily the Taub-Nut monopole will repel the graviton and send it off to transverse 
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infinity. However our results indicate that the graviton can be trapped or bound to the 
center of the monopole where it will have the rich excitation spectrum of the Quantum 
Hall soliton. 

From the results of section (2) we see that the graviton grows with increasing mo- 



mentum. In this sense the soliton is similar to the giant gravitons of Ref. with the 
background n-form field being replaced by the Taub-Nut background. 

The 11-dimensional interpretation makes the most sense if we fix K and let grow. 
This corresponds to boosting the graviton in a fixed background. In this case we are really 
discussing a fixed number of charges in the background magnetic field. 



10 Conclusions 

In this paper we have constructed a system of branes and strings whose low energy ex- 
citations are described in terms of non-relativistic particles moving on a 2-sphere in a 
magnetic field with repulsive gauge forces between the particles. We have found that there 
is a characteristic energy scale for the low energy excitations and that all energies associ- 
ated with the two dimensional non-relativistic system are of this scale. Thus we have all 
the ingredients for a string theory simulation of the Quantum Hall system. 

The background magnetic field may be described in terms of a density of DO-branes 
dissolved in the Z}2-brane substrate. The DO-brane fluid behaves like an incompressible 
fluid. The DO-branes play the role of quantized units of flux. In this picture quasiparticles 
of the QH system are simply additional DO-branes. 

Alternatively the field may be described in terms of a background 2-form B^y field. 
More generally by choosing a gauge, the field can be represented as a combination of 
Z^O-branes and B flux. We argued that this gauge freedom is closely connected with the 
so called Composite Fermion Model of the fractional Quantum Hall Effect. Seiberg |^| 



has suggested that this freedom of description may be related to the ambiguity in the 
definition of the $ parameter in eq. (5.14) |1T7[ . 



We briefly discussed the modeling of edges and edge states in the system by introducing 
an A^SS-brane. The 5-brane intersects the spherical membrane along its equator and 
produces a boundary along with the typical chiral edge states. 

A dual way of looking at the Quantum Hall Soliton is in terms of the near horizon gauge 
theory of a stack of Z^G-branes. From this point of view the configuration is a metastable 
soliton of the theory carrying F A F A F charge. The existence of the soliton with its very 
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rich spectrum of low energy excited states is new information about the 6-brane. 

A final point concerns compactification. In this paper we have considered the case of 
uncompactified II A string theory. However, we see no obstruction to compactifying the 
six dimensions F". In this case, our configurations would exist as metastable objects in 
the 3 + 1-dimensional world. 

Needless to say, we hope that string theory techniques will be useful in understand- 
ing the Quantum Hall system and other condensed matter systems and conversely, that 
condensed matter phenomenology may teach us new lessons about string theory. 

11 Appendix 

Consider a ground string state connecting the D6 and D2 branes. General string theory 
arguments tell us that these strings satisfy fermionic statistics. To see this, we begin with a 
brane configuration in which the D6-brane is oriented along the Y"" directions, a — 6, ...,9 
and a D2-brane along the directions, i = 1, 2. The two branes may be separated along 
the 3 direction. 

Let us recall why the string ground state is a fermion. We are interested in the spec- 
trum of the 6 — 2 strings. The symmetry of the problem is S0{2) x S0{6). The total 
number of worldsheet fields which satisfy mixed boundary conditions is eight: X^'^ sat- 
isfy DN boundary conditions while the Y"- satisfy ND boundary conditions. X^ satisfies 
DD boundary conditions. The boundary conditions break the Lorentz symmetry in this 
problem. 

As usual, in the it! sector, bosonic and fermionic fields satisfy the same periodicity 
conditions and the zero point energy vanishes. Therefore, in the R sector the ground 
states are massless. The only fermionic worldsheet field that are periodic are and 
Prom these we get zero modes, and, therefore, an extra degenerate ground state. The two 
states have opposite worldsheet fermion numbers. Thus only one ground state survives 
the GSO projection. The surviving ground state is a singlet under the symmetry group 
S0{2) X S0{6). 

The fact that the Ramond ground states are fermions can be deduced as follows. Let 
us do three T-dualities along the 1, 2, 3-directions to turn the system into a D1-D9 brane 
system. T-duality is a gauge symmetry of the theory and should not change the spectrum 
or the statistics of the string states. Now let us look at the R sector of the 1 — 9 strings. 
The symmetry of the T-dual configuration is S0{1, 1) x S0{8) and we can take advantage 
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of this maximal symmetry. The two R ground states are left and right moving spinors of 
5*0(1, 1) respectively and singlets under the internal 50(8). Only one of them survives the 
GSO projection. The fact that they are fermions follows from the spin-statistics theorem. 
In the NS sector, the zero point energy can be computed in the usual way giving 

+ = (11.1) 

2 8 2 ^ ' 

Thus the NS sector is massive and therefore the bosons are massive. Separating the branes 
along the 3 direction shifts the overall spectrum of the 6 — 2 strings by a term proportional 
to the length of the stretched strings. 

Finally, we remark that this configuration leaves two supersymmetries unbroken. The 
ground state of the 6 — 2 strings is a BPS multiplet and it consists of a single state with 
no bose-fermi degeneracy. This state is fermionic as we have argued above. Excited 
states are in long multiplets and these contain equal numbers of fermions and bosons. The 
supersymmetry of the problem is broken by the addition of the DO-branes. 

For the large spherical brane of section (3), we focus on a patch along the 1, 2 directions 
much larger than the magnetic length and approximate it as flat. Then, we can use the 
above analysis to estimate the free spectrum and also the statistics of the string ground 
state follows. As long as we focus on charged particles separated at distances of order the 
magnetic length, the Chern Simons term that we found in the previous section does not 
play any important role in the statistics. 
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